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Abstract. One of the main problems in number theory is to find
the integer or rational solutions to polynomial equations. Elliptic
curves are special cubic polynomial equations. Remarkably, the
rational solutions form an abelian group. In this paper, we give
the definitions of elliptic curves and the corresponding group of
rational points. We will also look briefly into how we can find all
points of finite order.

1. History and Motivation

As is the the case for many problems in number theory, we can trace
the study of elliptic curves back to the study of Diophantine equations.
Named after Hellenistic mathematician Diophantus of Alexandria, a
Diophantine equation is an equation of the form

f(x1, x2, . . . , xn) = 0,

where f is some polynomial in Q[x1, x2, . . . , xn]. For a Diophantine
equation, one usually seeks to answer the following questions:

• Are there any integer solutions?
• Are there any rational solutions?
• How many solutions of each type are there?
• Can we find them all?

Example 1. Let D be a fixed integer. Consider the equation (known
as Pell’s Equation)

x2 −Dy2 = 1.

This corresponds to the polynomial equation

f(x, y) = x2 −Dy2 − 1 = 0.

Clearly, we have (1, 0) and (−1, 0) as solutions and if D = −1, we have
(0, 1) and (0,−1) as solutions as well. These are known as the trivial
solutions. If D is a perfect square, or D < 0, then the only integer
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solutions are the trivial ones. Indeed, if D = d2 for some integer d,
then x2−Dy2 = (x+dy)(x−dy). Then either (x+dy) = (x−dy) = 1,
or (x + dy) = (x − dy) = −1. These are systems of linear equations
and we can show that the only solutions are the trivial ones. If D is
negative, then x2 − Dy2 is always positive and there are only finitely
many values we have to check. If D is positive and not a perfect square,
then x2 − Dy2 = 1 has infinitely many integer solutions that are all
generated from a single fundamental solution.

For D = 2, our fundamental solution is (3, 2) and we can generate
solutions by taking powers of 3 + 2

√
2. As an example, (3 + 2

√
2)2 =

17 + 12
√

2 and 172 − 2 ∗ 122 = 1. The proof of these results involves
the theory of continued fractions and can be found in [4].

Example 2. Let n be a fixed positive integer greater than 1. Consider
the equation

xn + yn = zn.

For n = 2, there are infinitely many integer solutions that can be found
with relative ease. These are the Pythagorean triples such as (3, 4, 5),
(5, 12, 13), and so on. For n > 2, there are the trivial solutions (where
at least one of the variables is zero), but Fermat’s Last Theorem (proved
by Andrew Wiles in 1994 [5]) says that there are no nontrivial integer
solutions. One can also verify that this implies the nonexistence of any
rational solutions by clearing out denominators.

Example 3. Let n be a fixed square-free integer. Consider the equa-
tion

y2 = x(x− n)(x+ n) = x3 − n2x.

This is an example of what is known as an elliptic curve and is related to
the Congruent Number Problem: Given a square-free positive integer
n, is there a right triangle with rational side lengths whose area is n
[1]. For any n, we have trivial solutions (0, 0) and (0,±n). For n = 6,
we have infinitely many rational solutions like (−3,±9), but, for n = 1,
we only have the trivial solutions. These are fairly nontrivial results
and uses the theory of elliptic curves [1].

For polynomials in one variable, our questions are answered rather
satisfactorily by the Rational Roots Theorem. Degree-two polynomials
in two variables are fairly well understood and we can determine their
solutions by looking for solutions in the finite fields Fp and in R. A
treatment of this result can be found in [6]. This leaves us with the
problem of studying Diophantine equations of cubic polynomials in two
variables. Elliptic curves are an example of this, and a large amount
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of research is devoted to understanding them and how the techniques
developed can be applied to higher degree equations.

2. Elliptic Curves

Definition 1. Let K be a field with characteristic not equal to 2. Let
f(x) ∈ K[x] be a cubic polynomial. An elliptic curve E over K is
the set of solutions in x, y ∈ K to

y2 = f(x).

Let S be a subset of K. The set E(S) := {(x, y)|x, y ∈ S} is called the
set of S-points of the elliptic curve. Equivalently, E is the set of
zeros of the polynomial F (x, y) ∈ K[x, y] where

F (x, y) = y2 − f(x).

To simplify matters, it is a common restriction that the elliptic curve
be smooth in the sense that it does not have any cusps and it does
not cross over itself. This is the same notion as being a real-valued
function in calculus whose partial derivatives do not simultaneously
vanish. Over R, this condition makes sense and the definition of partial
derivatives can easily be extended to any base field. Precisely, we have
the following

Definition 2. For a field K, if F (x, y) = cxnyk is a monomial in
K[x, y], then

∂F

∂x
= n ∗ cxn−1yk

and
∂F

∂y
= k ∗ cxnyk−1.

For any polynomial in K[x, y], we can extend the definition linearly.
An elliptic curve E defined by a polynomial F is smooth if(

∂F

∂x
(x, y),

∂F

∂y
(x, y)

)
6= (0, 0)

for all (x, y) ∈ E.

Example 4. Consider the elliptic curve E over R defined by the equa-
tion

y2 = x3 − 2x.

We can graph E in the plane as in Figure 1. The partial derivatives
are given by

∂F

∂x
= 3x2 − 2 and

∂F

∂y
= −2y.
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We can see that any point where the partial derivatives vanish must
have y = 0, since char Q 6= 2, and x is a common root of x3 − 2x and
3x2−2. Since the first polynomial has roots 0 and ±

√
2 and the second

has roots ±
√

2/3, we conclude that no such x exists, so E is smooth.

Figure 1. The elliptic curve defined by y2 = x3 − 2x.

We can see from this example that the condition that an elliptic
curve is smooth holds if the cubic polynomial f in Definition 1 has no
repeated roots in any field extension.

With our eventual goal to define a group structure on an elliptic
curve E, we need to consider a very special point, which we call the
“point at infinity”. This requires us to define an elliptic curve over a
projective space.

Definition 3. Let f(x, y) be a polynomial in two variables of degree
n. The homogenization of f is given by F (X, Y, Z) = Znf(X/Z, Y/Z).
Given a homogeneous polynomial F (X, Y, Z), we can define a non-
homogeneous polynomial in two variables by f(x, y) = F (x, y, 1)

Given a homogeneous polynomial F (X, Y, Z) of degree n over a field
K, we have that F (λX, λY, λZ) = λnF (X, Y, Z) for all λ ∈ K. Thus, if
(X, Y, Z) is a zero of F , then so is (λX, λY, λZ). Then, for any solution
(x, y) of f(x, y) = 0, we have that F (x, y, 1) = f(x, y) = 0. It then
makes sense to identify triples that differ only by multiplication by an
element in K. This leads us to the following

Definition 4. Given a field K, projective 2-space over K, denoted
P2
K , is defined to be (

K3 − {(0, 0, 0)}
)
/ ∼
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where (X, Y, Z) ∼ (λX, λY, λZ) for all nonzero λ ∈ K. The points
[X, Y, 0] are called the points at infinity.

Given an elliptic curve E over K defined by a polynomial f(x, y),
we define the projective elliptic curve E over P2

K to be the set of
zeros of the homogenization of f as a polynomial over P2

K .

Given an elliptic curve E over K defined by

y2 = ax3 + bx2 + cx+ d, a, b, c, d ∈ K,
the projective elliptic curve over P2

K , is given by the equation

Y 2Z = aX3 + bX2Z + cXZ2 + dZ3.

Setting Z = 0, we can see that, when moving to the projective case,
the only point of infinity that satisfies this, is [0, 1, 0]. This is then
called the point at infinity.

We now can make a statement about the general form of an elliptic
curve:

Theorem 1 (Weierstrass Form). Given an elliptic curve E over Q
defined by the equation

y2 = ax3 + bx2 + cx+ d, a, b, c, d ∈ Z,
there is a rational change of variables x to x′ and y to y′ such that E
is defined by the equation

(y′)2 = (x′)3 + A(x′) +B, A,B ∈ Z.

Proof. Dividing the original equation by a gives

y2

a
= x3 +

b

a
x2 +

c

a
x+

d

a
.

Replacing x by x′′ − b
3a

, we get

y2

a
=

(
x′′ − b

3a

)3

+
b

a

(
x′′ − b

3a

)2

+
c

a

(
x′′ − b

3a

)
+
d

a
.

Expanding and combining terms gives

y2

a
= x′′3 − b2 − 3ac

3a2
x′′ +

27a2d− 9abc+ 2b3

27a3
.

Multiplying by 36a9, we get

36a8y2 = 36a9x′′3 − 38a10(b2 − 3ac)x′′ + 36a9(27a2d− 9abc+ 2b3).

Finally, take x′ = 9a3 and y′ = 27a4y, getting

y′2 = x′3 − 36a7(b2 − 3ac)x′ + 36a9(27a2d− 9abc+ 2b3).
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Letting A = −36a7(b2 − 3ac) and B = 36a9(27a2d − 9abc + 2b3) gives
the desired result. �

From now on we will assume our elliptic curves have this form, called
the Weierstrass form.

3. Group Law of an Elliptic Curve

To define a group structure on an elliptic curve E, we borrow a result
from algebraic geometry, a special case of Bezout’s Theorem [7].

Theorem 2. Let E be an elliptic curve over an algebraically closed field
K defined by the homogeneous polynomial F (X, Y, Z). Let G(X, Y, Z)
be a homogeneous degree-one polynomial with no factor in common
with F . Then F and G intersect at three points (F − G has three
roots) in P2

K . In particular, if G intersects with F at two points (F −G
has at least two roots), then G intersects F at a third point (there are
exactly three roots of F −G).

Let E be an elliptic curve over K defined by a homogeneous polyno-
mial F (X, Y.Z). Given two points P1 and P2 of E, the above theorem
tells us that the line intersecting P1 = [x1, y1, z1] and P2 = [x2, y2, z2]
must intersect E at a third point P3 = [x3, y3, z3].

Definition 5. Given points P1 and P2 as above, define P1 + P2 =
[x3,−y3, z3]. If P1 = P2, we take the line tangent to P1.

Notice in the above definition, we change the sign of the y-coordinate.
This change is necessary in forming a group.

Theorem 3. The set E with the addition defined as above, with the
point at infinity, O = [0, 1, 0], as the identity and, for P = [x, y, z], its
inverse −P is [x,−y, z].

While most of the group axioms are fairly straightforward to prove,
associativity is a very lengthy calculation, so we will omit the proof. It
may be found in [2].

We can essentially perform the group operation over the affine space
and consider the identity to be some point infinitely far in the vertical
direction.

Example 5. Let E be an elliptic curve over R defined by

y2 = x3 − 2x.

Let P1 = (−1,−1) and P2 = (0, 0). The line between them is given by
y = x. Substituting y with x, we get the equation

x3 − x2 − 2x = 0.
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Figure 2. The group law applied to (−1,−1) and (0, 0).

This equation has three solutions, x = 0,−1, 2. By substituting x = 2
into the original equation, we get that the third point of intersection is
(2, 2). Thus, P1 + P2 = (2,−2). This is depicted in Figure 2.

Now let P1 = (−1, 1). The line tangent to this point is given by
y = 1

2
(x+ 3). Substituting into the original equation, we get

x3 − x2

4
− 7x

2
− 9

4
= 0.

This has two roots, x = −1 with multiplicity two, and x = 9
4
. Putting

this back into the original equation gives the third point of intersection,
(9
4
, 21

8
). Thus, P1 + P1 = 2P1 =

(
9
4
,−21

8

)
.

Example 6. Let E be an elliptic curve over C defined by the equation

y2 = (x− e1)(x− e2)(x− e3)
with e1, e2, and e3 distinct elements of C. Let Pi = (ei, 0). We have
that ∂f

∂y
(Pi) = 0, so the line tangent to Pi is vertical. Thus, 2Pi = O.

In fact, for any point P ∈ E, we have that 2P = O if and only if the
x-coordinate of P is a root of the cubic polynomial in x.

We now turn our attention to the rational points of an elliptic curve
E(Q). In finding rational points on E, it would be fortunate if there
was some kind of structure we could take advantage of. Luckily, the set
E(Q) is remarkably well behaved as shown in the following theorem.

Theorem 4 (Mordell-Weil). Given an elliptic curve E over C. The set
E(Q) is a subgroup of E and furthermore, E(Q) is finitely generated.
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Figure 3. The group law applied to (−1, 1).

Thanks to the Fundamental Theorem of Finitely Generated Abelian
Groups, we have that E(Q) is isomorphic to the direct sum of a finite
number of cyclic groups. Explicitly, we have that

E(Q) ∼= Zr ⊕ Z/n1Z⊕ . . .⊕ Z/nkZ,
where r, k, and the ni are positive integers. The number r is called the
free rank (or just the rank) of E.

The problem of finding all the rational points of an elliptic curve
now turns into finding generators of the group E(Q). We also have
that there is an infinite number of rational points if and only if the
rank of the elliptic curve is nonzero.

4. Calculating the Torsion

We may recall from algebra that the torsion subgroup GTor of an
abelian group G is the subgroup consisting of elements with finite order.
While determining the rank is a very difficult problem, calculating the
torsion subgroup, ETor(Q), is quick and effective. We will present a
few results that greatly aid in the calculation of ETor(Q).

Theorem 5 (Ogg-Mazur). Let E be an elliptic curve over C. The
torsion subgroup of E(Q) is isomorphic to one of the following groups:

• Z/nZ for 1 ≤ n ≤ 10 or n = 12
• Z/2Z⊕ Z/2nZ for 1 ≤ n ≤ 4.

The proof of this theorem can be found in [8].
What is remarkable about this is that, while the torsion subgroup

of a general finitely generated abelian group can be arbitrarily large,



ELLIPTIC CURVES AND THE GROUP OF RATIONAL POINTS 9

ETor(Q) always follows a strict bound. One use for this is that any
point with order at least 13 must have infinite order. Thus, the order
of a point can always be determined just by computing multiples of it.
We can now characterize points of a given order in the following way.

Theorem 6 (Nagell-Lutz). Let E be an elliptic curve over Q defined
by the equation

y2 = x3 + Ax+B, A,B ∈ Z.

Let (x0, y0) ∈ E(Q) be a point with finite order n. Then

• x0, y0 ∈ Z;
• if n = 2, then y0 = 0 and x30 + Ax0 +B = 0;
• if n > 2, then y20 divides 4A3 + 27B2.

Example 7. Let E be the elliptic curve defined by

y2 = x3 − 2x.

The only rational root of x3 − 2x is x0 = 0. Thus, (0, 0) is the only
point of order 2. We have that A = −2 and B = 0. The number
4A3 + 27B2 is just −32. Its positive square divisors are 1, 4, and 16.
This gives three cubic equations:

• x3 − 2x− 1 = 0;
• x3 − 2x− 4 = 0;
• x3 − 2x− 16 = 0.

We can find the rational roots quickly using the Rational Roots Theo-
rem. The first equation has a single rational root x = −1. The second
has a single rational root x = 2. The last equation has no rational roots.
These solutions correspond to the points (−1, 1), (−1,−1), (2, 2), and
(2,−2). We take P1 = (−1, 1) (−P1 = (−1,−1)) and P2 = (2, 2)
(−P2 = (2,−2)). Since P1 and −P1 have the same order and P2 and
−P2 have the same order, we only need to determine the order of P1

and P2. After repeated calculation, we find that P1 and P2 have order
greater than 12 and thus must have infinite order. In fact,

E(Q) ∼= Z⊕ Z/2Z.

The last obstacle in identifying the structure of E(Q) is determining
the rank, but as we have said before, this is no simple task. In fact,
there is not even an easy way to determine if the rank is positive.
Studying the rank of an elliptic curve provides much motivation for
current research and hopefully the reader can see that this subject is
of great interest.
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